We investigate thermodynamic phase diagrams for magnetic analogue of "three states of matter," namely, spin liquid, paramagnetic, and magnetically ordered phases, by unbiased quantum Monte Carlo simulations. Our simulations are carried out for Kitaev's toric codes in two and three dimensions, i.e., the simplest realizations of gapped topological Z 2 spin liquids, extended by a nearest-neighbor ferromagnetic Ising coupling. Our results elucidate the distinct effects of thermal and quantum fluctuations on flux excitations in Z 2 spin liquids. The thorough study of magnetic three states of matter is achieved by introducing the "fictitious vertex" method into the directed loop algorithm, which is a generic prescription to treat off-diagonal multi-spin interactions. Introduction.-The concept of topological order has become central for exploring new states of matter [1] . Particularly, the possibility of quantum spin liquids (QSLs) with topological orders has been extensively discussed to explain experiments in highly frustrated quantum magnets in which conventional symmetry-breaking order seems prevented much below the Curie-Weiss temperature [2] . Naturally, more theoretical inputs for verifying QSLs are highly desired: for instance, is there any hallmark of a QSL or, even if a system under investigation itself may develop a magnetic order at the lowest temperature (T ), characteristic proximity effects to a nearby QSL phase? To study such generic features, the Kitaev model [3, 4] and its descendants are useful as it can be shown that their ground states are QSLs. Effects of perturbations and thermal fluctuations were investigated quantitatively with numerical methods [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] . Some of them may have connections with real materials such as iridates after including perturbations stabilizing magnetic orders [10] [11] [12] [13] [14] [15] [16] [17] . More recently, two of the authors and their collaborator investigated thermal effects in the Kitaev models on honeycomb [18] , hyperhoneycomb [19, 20] , and decorated honeycomb [21] lattices, clarifying the nature of QSL-paramagnetic transitions, which is very sensitive to types of QSLs and dimensionality.
Introduction.-The concept of topological order has become central for exploring new states of matter [1] . Particularly, the possibility of quantum spin liquids (QSLs) with topological orders has been extensively discussed to explain experiments in highly frustrated quantum magnets in which conventional symmetry-breaking order seems prevented much below the Curie-Weiss temperature [2] . Naturally, more theoretical inputs for verifying QSLs are highly desired: for instance, is there any hallmark of a QSL or, even if a system under investigation itself may develop a magnetic order at the lowest temperature (T ), characteristic proximity effects to a nearby QSL phase? To study such generic features, the Kitaev model [3, 4] and its descendants are useful as it can be shown that their ground states are QSLs. Effects of perturbations and thermal fluctuations were investigated quantitatively with numerical methods [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] . Some of them may have connections with real materials such as iridates after including perturbations stabilizing magnetic orders [10] [11] [12] [13] [14] [15] [16] [17] . More recently, two of the authors and their collaborator investigated thermal effects in the Kitaev models on honeycomb [18] , hyperhoneycomb [19, 20] , and decorated honeycomb [21] lattices, clarifying the nature of QSL-paramagnetic transitions, which is very sensitive to types of QSLs and dimensionality.
A combination of thermal and quantum effects on Kitaevtype models is a more challenging topic especially in three dimensions (3D). To the best of our knowledge, while effects of a magnetic field were investigated at both zero and finite T in two dimensions (2D) [5] [6] [7] [8] , this is not the case in 3D. As for exchange-type perturbations, even though they pose interesting questions regarding transitions between topological and conventional ordered phases, the corresponding study at finite T was not initiated until a recent functional renormalizationgroup calculation in 2D [16] . The studies in 3D were so far restricted to semiclassical treatments [22, 23] or the Bethe lattice [14] .
In this Letter, we wish to initiate a full quantum treatment on the exchange-type interaction effects on a 3D QSL at finite T . We also investigate a 2D model and compare the phase diagrams. We will focus on gapped Z 2 QSLs, which may be realized in frustrated Heisenberg systems (e.g., 2D kagome [24] and 3D hyperkagome [25] ) as well as iridates (e.g., related compounds with Li 2 IrO 3 [19, 26, 27] ). Since our interest is in generic properties of QSLs, we will consider the simplest Hamiltonians realizing gapped Z 2 QSLs, namely, Kitaev's toric codes on square [3] and simple cubic [28] [29] [30] lattices. We add a nearest-neighbor ferromagnetic (FM) Ising coupling, which introduces quantum fluctuations to otherwise static "magnetic flux" excitations of the QSL states. These quasiparticles are known to have nontrivial properties, such as anyonic mutual statistics in 2D [3] or a confinement-deconfinement transition in 3D [19, 20, 29, 30 ].
An interesting aspect of our models is that the phase diagram completes magnetic analogue of "three states of matter," namely, QSL ("liquid"), paramagnetic ("gas"), and FM ("solid") phases. Furthermore, all phases and phase transitions can be investigated by unbiased quantum Monte Carlo (QMC) methods without a sign problem. Although conventional algorithms turn out to be inefficient in and near the QSL phase, we solve this by the "fictitious vertex" method, a prescription to treat off-diagonal multi-spin vertices in QMC. We find qualitative difference between 2D and 3D and elucidate the distinct nature of quasiparticles responsible for the difference. We also address proximity effects to the QSL phases.
Models and low-energy properties in QSL phases.-Both in 2D and 3D, the Hamiltonian can be formally written as
where S = 1/2 spins [σ i = (σ (Fig. 1) . Since [A s , B p ] = 0 for ∀s and ∀p, both in 2D and 3D, these are local conserved quantities of all of them are independent [3, 29] . Consequently, loops are confined at low T . More delocalized loops appear with increasing T favored by entropic effects, suggesting that a proliferation of flux loops may occur at finite T . It was shown for J xx = 0 that indeed this corresponds to a finite-T transition [29, 30] . Topological entanglement entropy is finite for T < T c [29] , although expectation values of the nonlocal Z 2 topological order parameters vanish for any finite T [29, 30] .
This transition is expected to be of the inverted 3D Ising universality class. This can be explained by the duality between a 3D classical Ising model and the flux sector of the 3D toric code. By using the high-T expansion, the partition function of the Ising model can be rewritten as a sum over loop configurations: Z Ising ∝ loops (tanh K) ℓ total where K and ℓ total are the dimensionless coupling and the total loop length of a configuration, respectively. Thus, these models can be related through exp(−2λ B /T ) = tanh K, with a minor caveat being that the winding number of flux loops (high-T graphs) is even (can be even or odd), which however would not alter the universality class [19] . Consequently, the two models should undergo a phase transition of the same (i.e., 3D Ising) universality class. However, this is with the inverted T axes in a sense that confined and extended loops are favored, respectively, in the low-and high-T phases in the 3D toric code while high-and low-T phases in the Ising model. Hence, universal amplitude ratios of one model are inverses of the other.
QMC results in 3D.-For J xx 0, the flux loops acquire quantum dynamics as mentioned above (meanwhile, electric charges remain static). The model is no longer exactly solvable, and we perform continuous time world-line QMC simulations. We show the obtained phase diagram in 3D in Fig. 2(a) , leaving the detail of our method for later. Below, we will discuss the case where fluxes and electric charges have comparable excitation energies for small J xx and set λ A = λ B .
To determine the paramagnetic-QSL transition line, which cannot be characterized by any local order parameter, we study the flux loop proliferation by evaluating the expecta-tion value of the length L B of the largest loop at a given imaginary time. We confirm the inverted 3D Ising universality by finite-size scaling (FSS) analysis of L B , which leads to the excellent data collapse [ Fig. 3(a) ]. Here, we estimate T c by using the Bayesian FSS method [31, 32] assuming ν = 0.63012 (16) [33] and the fractal dimension D F = 1.7349(65) estimated for the high-T graphs in the 3D Ising model [34] . T c is found to decrease only slightly with J xx , suggesting that the effective flux-loop tension is weakly renormalized by J xx . We also measure w 2 B [19] , which is the summation over the squared winding number of each flux loop C at a given imaginary time, i.e., w
· ds, where µ ∈ {x, y, z} andμ denotes a unit vector along the µ-axis. We expect w 2 B to be zero (nonzero) for T < T c (T > T c ) in the thermodynamic limit [19] . In the QSL regime (J xx /λ B 0.24), we find w 2 B decreasing continuously and monotonically as T is lowered [ Fig. 3(c)] . Thus, the paramagnetic-QSL transition seems always of second order in this model.
For sufficiently large J xx , the FM phase with σ x 0 is stabilized and the finite-T transition is in the 3D Ising universality, which we confirm by FSS analysis of the x-component susceptibility χ xx for J xx /λ B = 0.4 [ Fig. 3(b) ]. We also find that the FM transition becomes of first order for smaller J xx , , is a proximity effect to the QSL phase. The proximity effect to the QSL phase can also be observed in the z-component susceptibility χ zz . As shown in Fig. 3(e) , χ zz develops a more pronounced peak above T = T c with decreasing J xx in the FM side.
The QSL-FM quantum phase transition is strongly first order in this model. Figure 4(a) shows the evolution of energy density from both sides at
The result reveals a level-crossing at J cross xx /λ B = 0.232 (2) . By comparing the data with second-order perturbation theory, E small-
B /(48J xx ) for small and large J xx , respectively, we find a good agreement indicating that both phases are rather stable up to J xx = J cross xx . Phase diagram in 2D.-The fluxes and electric charges in 2D are point-like (no loop structure) and deconfined [3] [ Fig. 1(c) ]. Consequently, infinitesimal thermal fluctuations can destroy the QSL state. At T = 0, the QSL is stable against local perturbations because these excitations are gapped. We evaluate the gap ∆ by applying the secondmoment method [35] to T τ σ x k=0 (τ)σ x k=0 (0) as this corresponds to a propagator of a flux pair for small J xx . This quantity should also be associated with the lowest-energy gap near the QSL-FM quantum transition, at which σ x becomes nonzero. This quantum critical point is suggested to be in the (2+1)D Ising universality class, though corrections to scaling are noticeable up to the largest investigated lattice. We estimate J QCP xx /λ B = 0.1645(3) by FSS of ∆ assuming ν = 0.63012 (16) [33] and z = 1 by including the leadingorder correction term [32] [ Fig. 4(b) ]. We also evaluate χ xx on the QSL side, where we find it has a non-divergent peak at T ≈ 0.2∆. This defines crossover temperature T * [ Fig. 2(b) ], below which thermodynamic properties are very similar to ground state properties. The FM phase is stable at T > 0, as expected for a system with global Z 2 symmetry.
Methods.-We outline the idea of fictitious vertices in the framework of the directed loop algorithm (DLA) [36] [37] [38] that we have adopted in the current study. We used the loop algorithm [37, 39] in the basis diagonalizing σ x i 's for large J xx (supplemented by cluster-type updates for elementary cubes in 3D). For small J xx , however, the loop algorithm leads to huge clusters in the QSL regime despite the very short correlation length, which reduces the efficiency of the simulation. While such a difficulty is usually solved by the DLA, the conventional DLA encounters an intrinsic ergodicity problem in the present systems due to the off-diagonal multi-spin vertices. We solve this problem by introducing the fictitious vertex method described below. Similar ideas were discussed in Refs. [40, 41] .
In DLA [36] [37] [38] , the world-line configurations contribut-
(τ 2 ) are sampled by moving one of the external lines (the "worm"), say at (i 1 , τ 1 ), while fixing the other at (i 2 , τ 2 ). We work on the σ z -basis, as this is convenient to measure magnetic fluxes. At each space-time point, there is either the identity or one of vertex operators, i.e., A s + 1, B p , or σ . This implies that every offdiagonal event in a world-line configuration corresponds to a vertex operator and its nonzero matrix element. The worm, locally updating the configuration as it moves, may be scattered at a vertex if the resulting state also corresponds to a nonzero matrix element. However, an issue here is that this scheme prohibits a hopping at λ A -vertices [ Fig. 5(a) ]. Consequently, one cannot generate off-diagonal processes arising from combinations of λ A -and J xx -vertices [ Fig. 5(b) ].
Fictitious vertices allow such otherwise prohibited hopping by enlarging the configuration space [42] . For example, if the worm (at site l) reaches a λ A -vertex (at s), we promote this to a fictitious vertex (A s + 1)σ x l σ x l ′ , with a probability 1 − p, where l ′ ( l) ∈ s is chosen randomly (with a probability p, the worm follows the conventional scheme). With the aid of the attached σ x operators marking l and l ′ , the worm hops from l to l ′ and leave the vertex in ±τ directions with equal probabilities [ Fig. 5(c) ]. This hopping process can be made rejection-free by setting the weight for a fictitious vertex as
−1 λ A where z s = 4 (6) in 2D (3D). After creating fictitious vertices [43] , the worm may return to this fictitious vertex at a site yet to be marked by additional σ x . In 2D, where A s is a four-spin operator, we can bring this vertex back to normal by making the worm hop to the other unmarked site. In 3D, after a similar process we still need to wait for the worm to return once again to recover a normal λ A -vertex. In any case, with such sequences we can generate off-diagonal multi-spin processes like the one in Fig. 5(b) or more complicated ones. The observables are estimated when there is no fictitious vertex.
Conclusions.-We presented thermodynamic phase diagrams of the 2D and 3D toric codes extended by a nearestneighbor FM Ising coupling, which introduces quantum fluctuations in the magnetic flux excitations of Z 2 QSLs, and eventually stabilizes the FM phase. We extended DLA with fictitious vertices, with which we were able to study large enough lattices to perform reliable FSS analysis particularly in and near the QSL regime. In 3D, we found a first-order transition between the Z 2 QSL and FM phases, with strong proximity effects to QSL in the phase competing region. The finite-T transition from paramagnet to QSL is in the inverted Ising universality class, as in the case without the Ising coupling. These characteristics will provide a clue for experimental studies on the 3D Z 2 QSL candidates. In 2D, we observed the quantum critical behavior seemingly consistent with the (2+1)D Ising universality class and the Z 2 QSL state is unstable at finite T . The distinct behaviors between 2D and 3D are essentially due to whether flux excitations are deconfined particles (in 2D) or confined loops (in 3D) at low T .
